It has recently been predicted that a conical singularity (= Dirac point) in the band structure of a photonic crystal produces an unusual 1/L scaling of the photon flux transmitted through a slab of thickness L. This inverse-linear scaling is unusual, because it is characteristic of radiative transport via diffusion modes through a disordered medium -while here it appears for propagation of Bloch modes in an ideal crystal without any disorder. We present a quantitative numerical test of the predicted scaling, by calculating the scattering of transverse-electric (TE) modes by a twodimensional triangular lattice of dielectric rods in air. We verify the 1/L scaling and show that the slope differs by less than 10% from the value predicted for maximal coupling of the Bloch modes in the photonic crystal to the plane waves in free space.
It has recently been predicted that a conical singularity (= Dirac point) in the band structure of a photonic crystal produces an unusual 1/L scaling of the photon flux transmitted through a slab of thickness L. This inverse-linear scaling is unusual, because it is characteristic of radiative transport via diffusion modes through a disordered medium -while here it appears for propagation of Bloch modes in an ideal crystal without any disorder. We present a quantitative numerical test of the predicted scaling, by calculating the scattering of transverse-electric (TE) modes by a twodimensional triangular lattice of dielectric rods in air. We verify the 1/L scaling and show that the slope differs by less than 10% from the value predicted for maximal coupling of the Bloch modes in the photonic crystal to the plane waves in free space. Two-dimensional photonic crystals with a triangular lattice (such as shown in Fig. 1 ) have been studied extensively [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] , in particular because they have a well-developed band gap. For frequencies inside this gap the transmission through the crystal decays exponentially with the thickness L. The band structure has another interesting feature which has received much less attention, namely the conical singularity that appears at the corner (= K-point) of the hexagonal first Brillouin zone [1] . As indicated in Fig. 2 , at a given wave vector near the K-point two Bloch modes are nearly degenerate in frequency. The envelopes of the Bloch modes satisfy a pair of coupled differential equations that have the same form as the Dirac equation of relativistic quantum mechanics [14] . Hence the name "Dirac point" given to the conical singularity. The essential difference between a band gap and a Dirac point is that the density of states is zero for a finite frequency interval in the former case, but only at a single frequency in the latter case.
Motivated by an electronic analogue (graphene [15] ), Bazaliy and the authors [16] have recently predicted a FIG. 1: Top view of a two-dimensional photonic crystal formed by dielectric rods on a triangular lattice in the x − y plane, aligned along the z-direction. The lattice constant a (centre-to-centre distance of the rods) is indicated. We calculate the transmission through the slab of thickness L of radiation incident near the K-point of the photonic crystal, and find that it scales as 1/L.
FIG. 2:
Electromagnetic band structure of the photonic crystal shown in Fig. 1 , calculated for a dielectric constant ǫ = 14 inside the rods and ǫ = 1 (air, speed of light c) outside the rods. (We used the mpb software package for this type of calculation [18] .) The rods (radius r = 0.27 a) occupy a fraction f = 0.26 of space in the crystal. The bands are shown for the case that the magnetic field is parallel to the rods (TE modes). The arrow points to the conical singularity (Dirac point) and the dashed line shows the dispersion relation in free space. The first Brillouin zone is drawn in the inset. (Note that the Γ − M direction is perpendicular to the x = 0 interface of the photonic crystal, for the orientation of Fig. 1.) new signature of the conical singularity: near the Dirac point the photon flux I transmitted through a slab of photonic crystal is predicted to scale as 1/L with the thickness L of the slab. The 1/L scaling is called "pseudo-diffusive" due to its reminiscence of diffusion through a disordered medium -although here it appears for Bloch modes in the absence of any disorder inside the photonic crystal.
More quantitatively, the prediction of Ref. [16] is that at the Dirac point with I 0 the incident photon current per transverse mode and I the transmitted photon flux (= transmitted photon current per unit width). The coefficient Γ 0 that determines the slope of the 1/L scaling depends on the coupling strength of the Bloch modes inside the photonic crystal to the plane waves outside. For maximal coupling one has Γ 0 = 1/π [15, 16] . It is the purpose of this paper to test the prediction of Ref. [16] quantitatively, by means of a numerical solution of the scattering problem. (An independent test in Ref. [17] provides only a qualitative comparison.) By means of an exact solution of Maxwell's equations we can test how well the Dirac equation used in Ref. [16] describes the scattering near the Dirac point. Furthermore, we can determine the slope Γ 0 -which is beyond the reach of the Dirac equation and was left undetermined in Ref. [16] .
We solve the scattering problem in the geometry of Fig. 1 for the parameters listed in Fig. 2 . The transmitted photon flux for a given incident plane wave ∝ e ikxx+ikyy is calculated as a function of frequency ω = c k 2
for a given thickness L of the crystal. (The transverse width is infinite in the calculation.) We use the finitedifference time-domain method [19] , as implemented in the meep software package [20] .
To make contact with Ref. [16] we first extract from Fig. 2 the parameters ω D = 3.05 c/a, v D = 0.369 c that characterise the conical singularity in the band structure,
Here δk = k−K is the displacement of the wave vector k 1) . The velocity v D is the group velocity of Bloch modes at frequencies near the frequency ω D of the Dirac point. A given δk y corresponds to an angle of incidence
In particular, δk y = 0 and ω = ω D correspond to θ = arcsin (2πc/3ω D a) ≡ θ 0 . For our parameters θ 0 = 43 • . As indicated in Fig. 3 , an incident plane wave couples to Bloch modes in the photonic crystal with the same k y . Propagating envelope modes have wave vector on the equifrequency contour centered at a K-point. As the frequency ω approaches the Dirac frequency ω D , the radius of the equifrequency contour shrinks to zero, and the incident plane wave can only couple to evanescent modes. These decay exponentially away from the interface, with a decay length ∝ 1/|δk y | which becomes infinitely long at the K-point.
The crucial difference between transmission at the Dirac frequency and inside a band gap is this: In both cases, the photonic crystal supports only evanescent Bloch modes, but inside the band gap the decay length as a function of angle of incidence has a finite maximum value -while at the Dirac frequency the maximum decay length is infinite. As a consequence, angular averaging of the transmitted intensity over some narrow range of incident angles around θ 0 gives an exponentially decaying transmission inside the band gap, but only an algebraic 1/L decay at the Dirac frequency [16] .
For a quantitative description of this scaling behavior we need to consider the coupling strength of the Bloch modes inside the crystal to the plane waves outside. The transfer matrix of the interface at x = 0 and x = L, which determines this coupling, is characterised by two parameters β and γ. These parameters enter into the expression for the transmission probability T (δk y , δω), which is defined as the ratio of transmitted to incident photon flux for an incident plane wave [frequency ω = ω D + δω and angle of incidence θ related to δk y by Eq. (3)]. The result is [16] 
with σ = L (δω/v D ) 2 − δk 2 y . We extract the two interface parameters
from the T versus δω dependence at δk y = 0, plotted in Fig. 4 . In the same figure we show that the δk y dependence of these parameters is weak for δk y a ≪ 1, as was ωa/c assumed in Ref. [16] , since the same set of parameters (5) also describes the δω dependence of T at nonzero δk y . To test for the 1/L scaling we need to consider a range −∆ < δk y < ∆ of incident transverse wave vectors. (This corresponds to a range ∆θ ≃ 2c∆/ω D cos θ 0 of incident angles centered at θ 0 .) According to Ref. [16] the 1/L scaling is reached when L 1/∆. We calculate the transmitted photon flux I(ω) in this range of wave vectors,
As shown in on the range of wave vectors ∆ away from the Dirac frequency -but not at the Dirac frequency, where the transmitted flux reaches a minimum I min which is ∆ independent for ∆ 1/L.
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In Fig. 6 we plot the L dependence of I min on a double-logarithmic scale. For L ≫ ∆ −1 the predicted 1/L scaling of Eq. (1) is obtained, with a coefficient Γ 0 = 0.30. This coefficient is just 6% smaller than the value Γ 0 = 1/π reached for maximal coupling of Bloch modes and plane waves at the interfaces between the photonic crystal and free space.
To investigate how generic these results are, we have re- peated the calculation for different values of the dielectric constant ǫ of the rods and for different filling fractions f (related to the radius r of the rods by f = 2πr 2 / √ 3a 2 ). The parameters corresponding to the four sets of data are tabulated in Table I . In Fig. 7 we show the L dependence of the minimal transmitted flux for each data set. In each case we find 1/L scaling with a slope Γ 0 that remains within 8% of the maximal value Γ 0 = 1/π.
In conclusion, we have presented a quantitative numerical test of the applicability of the Dirac equation [14] to a photonic crystal with a conical singularity in the band structure. The numerical results are in good agreement with the analytical predictions [16] for the transmission through a finite slab. In particular, our numerical calculation demonstrates the 1/L scaling of the transmitted photon flux with a slope that is close to the value for maximal coupling at the interface with free space. This finding implies that transmission experiments can be used to search for intrinsic properties of the Dirac point in the band structure, not hindered by a weak coupling to the outside.
